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Hoffman-Spruck's inequalities |HS| . 
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1. Introduction 

Q ■ A lot of topics in the geometric analysis, such as, Ricci flow, mean cur- 

vature flow, anisotropic mean curvature and optimal transportation the- 
ory, are related to submanifolds in weighted manifolds, see for instance |E] , 
[UMZ] . [MWlj . [MW2j 1 [WW] . [M] and references therein. We recall that 
a weighted manifold (M,g,dft) is a Riemannian manifold (M,g) endowed 
with a weighted volume form djl = e~* dM, where dM is the volume ele- 
ment induced by the metric g and / is a real-valued smooth function on 
M, sometimes called the density of M. In this paper, following the pa- 

^. ■ pers of Hoffman and Spruck [HSJ and Michael and Simon [MS| . we will 

CN ! study Sobolev and isoperimetric inequalities to immersed submanifolds in 

weighted ambient spaces. The value of such inequalities is well known in the 
theory of the partial differential equations. 

Let x : M — > M be an isometric immersion of a complete manifold with 
(possibly nonempty) boundary dM in the weighted manifold (M,g,dfi). 
Following Gromov [G] . some authors have introduced the extrinsic object 
associate to the immersion x, called by weighted mean curvature vector field 

rS ■ Hf, given by 

where H is the mean curvature vector of the submanifold and denote 
the orthogonal projection onto the normal bundle TM . In this context, it 
is natural to consider the first and second variations for the weighted area 
functional, 

volf(fi) = / d/j, 
Jo, 

where dfi = e~^ x 'dM and Q, is a bounded domain. In 2003, Bayle [B] . 

obtain the first variational formulae 



j t \ t=0 voi f (n t ) = ^(H f ,vw, 
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2 M. BATISTA AND H. MIRANDOLA 

where V is variational field. Thus the /-mean curvature vector appears 
naturally from a variational context. 

Example 1.1. Consider the weighted Euclidean space (M. n ,dfl = e~' x ' ' 4 dx), 
where |-| denotes the Euclidean norm and dx the Euclidean volume element. 
We recall that an isometric immersion F : M — >■ R n is be a self-shrinker if 
its mean curvature vector satisfies 2H = —F^. It is simple to show this 
definition is equivalent to say that F is (|x| 2 /4)-minimal. 

To state our main theorem, we need some definitions and notations. Let 
K, : K — Y [0, oo) be a non-negative even continuous and h the solution of the 
following Cauchy Problem: 

m / h"+JCh = 

[1) \ h(0) = 0,h'(0) = l. 

Let ro = ro(/C) > and so = so(/C) > be defined as follows: (0,ro) is an 
interval where h is increasing and (0, sq) = h(0,ro). Assume that the radial 
curvatures of M with base point £ satisfy 

(2) (K rad \ < /Cfo), 

for all £ 6 M, where r^ = dj^{- ,£) is the distance in M from £. Our main 
theorem says the following. 

Theorem 1.1. Under the notations above, we assume that M satisfies (0|) 
and that f* = sup M f < +oo. Let ip be a compactly supported nonnegative 
Cq function on M that vanishes along the boundary dM. Then there ex- 
ists a positive constant S, depending only m and K. such that the following 
inequality holds: 

m — p 

/ <p^dn) <Se~ (\Vip\+Lp\H f -Vf\) p dn, 

for all 1 < p < m, provided that there exists k S (0, 1) satisfying: 

— 

(u)~^e^ \ m 

-p vol/ (supp (</?)) < s ; 
L — K J 



_ / l - 1 (J)<2Inj^, 

where uj m is the volume of the unit ball in M. m and LrL is the minimum of 
the injectivity radius of M restricted to the points of supp tp. Furthermore, 
the constant S is given by 

/ 4 n s 2 mm r o ( ^m 1 



K,(m — 1) Sq \1 — K 

Remark 1 . It is simple to see that if M is a Hadamard manifold then R v = 
+oo and we can take K, = 0, hence any solution h of (P) is given by h(t) = t 
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defined on any positive interval (0, ro). Thus condition ([3]) is always satisfied 
and ro/so = 1. In this case, we can choose S = So by 

^ o • q 2 m (m + l) 1 ^ 1 =± 

(5) So = mm S = w^ . 

fee(o,i) m — 1 

If M is the sphere S n (l/6) C M™ +1 of radius 1/6 > then we can take K = b 2 . 
In this case, h(t) = b^ 1 sin(tb) defined on the interval (0,7r/(26)). Hence 
r o/ s o = 7r/2. Thus we see that Theorem 11.11 improve Hoffman-Spruck's 
inequality [HS| even when / = 0. The question on the optimal constant 
S in Theorem 11.11 remains open, even for / = and M being a minimal 
surfaces in M 3 . To more details about this problem see [CaJ[Ch]. 

A consequence of Theorem 11.11 is the following isoperimetric inequality. 

Theorem 1.2. Under the notations above we assume that M satisfies (0) 
and that M is compact with possibly nonempty boundary. Then it holds 

(6) vo\ f (M)^ < Se™ (vol f (dM) + I \H f - Vf\dfi) , 
provided that there exists k G (0, 1) satisfying: 

J = (-f-^vol f (M)) <s ; 



( 



(7) 



h~ l (J) < 2Inj 



Ah 



where f* = sup A:f /, Inj M is the minimum of the injectivity radius of M 
restricted to the points of M , and S is the constant as given in Q). 

By Theorem 11.21 it is simple to show that if M m is a closed self-shrinkers 
contained in a Euclidean ball B C M. n of radius R then it holds that 
e R 2 /4 R > 2/S and vol^p/^M) 1 /™ > 2e" i?2 / 4 /(^o-R), where S is the 
positive constant as in ([5]). Since the round spheres S m (\j2m) C M m+1 
of radius \/2m are examples of (|x| 2 /4)-minimal hypersurfaces, the term 
"\Hf — V/|" that appears in Theorems 11.11 and 11.21 cannot be replaced by 
u \Hf\". We can also see that the hypothesis "/* < oo" is essential in The- 
orems [LI] and [L2J Consider a weighted Euclidean space (M. 3 ,e~^dx). If we 
take the function f(x) = \x\ 2 /2 then the plane P = I 2 C R 3 has finite /- 
volume, Hf = and V/ = x, hence \Hf — V/| has finite L^-norm. However, 
if / G C^M 3 ) satisfies /* < oo and sup P |V/| < oo then, by Theorem [L2l 
and coarea formula, we can show that that P has infinite /-volume. More 
generally, we have the following 

Theorem 1.3. Let M be a complete weighted manifold (M,d/j, = e~*dM) 

with injectivity radius bounded from below by a positive constant and radial 
sectional curvatures satisfying ^), for some even function < K, G C°(R). 
Let M m be a complete noncompact manifold isometrically immersed in M . 
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Assume that f*<oo and \Hf — V/| £ L P ^(M), for some m < p < oo. Then 
each end of M has infinite f -volume. 

Theorem 11.31 for the case that M has bounded geometry, was proved by: 
(i) Frensel |FR] and by do Carmo, Wang and Xia [CWX] for the case that 
the mean curvature vector field is bounded in norm (the case p = oo); (ii) 
Fu and Xu |FX] for the case that the total mean curvature is finite (the 
case p = m); and Cheung and (iii) Leung |CL| for the case that the mean 
curvature vector has finite L p -norm for some p > m. 

We were informed of an independent manuscript of Debora Impera and 
Michclc Rimoldi [IRJ which proves a similar version of Theorem 11,11 for the 
case that M is a hypersurface in a weighted manifold M with nonpositive 
sectional curvature. The authors thank them for useful comments. 

2. Preliminaries 
We assume the notations in the introduction. Consider the following 

Definition 2.1. Let X : M — > TM be a C 1 vector field. The f-divergence 
of X is defined by: 

V f X = e f div M (e- f X T ) 

By a direct computations, the following holds. 

Proposition 2.1. Let X : M m -)• TM be a C 1 -vector field and g € C l (M). 
Then it holds: 

(A) V f X = d\w M X + {H- Vf,X) = dlv M X + (H f - V/, X), where 

V/ = (V/) T is the gradient vector field of the restriction /|m/ 
(B)V f (gX)=gV f X + (X,Vg). 

Fix a point £ £ M and consider r^ = d^{- , £) the distance function in M 
from £. Assume that the radial curvature of M with basis point £ satisfies 

(8) {K vaA \ < IC(rt), 

where fC : M. — > [0, oo) is a non-negative even continuous function. Let 
h : (0,ro) — > (0, sq) be the increasing function as defined in ([T]). 

Let B = i3 ro (£) be the geodesic ball of M with center £ and radius r$. 
Consider the radial vector field 

(9) X^ = h(rs)Vr 

defined on B (~)V, where V is a normal neighborhood of £ in M and Vr^ 
is the gradient vector field of r^ in M. By the hessian comparison theorem 
(see Theorem 2.3 page 29 of [RSP]), we have that in B the following holds 

h'(rt) - 9 

(10) Res Sri (v,v) > j^j(l - (Vr^v) 2 ), 

for all vector field v £ TM with \v\ = 1. 
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Proposition 2.2. Under the notations above, it holds that 

(11) -D S X % > mti(r{) + fcfo ) (H f - Vf, Vr^> . 
Proof. Using Proposition 12.11 we have 

(12) V f X{ = h(rt)VfVrt + /i'(r ? )|Vr e | 2 . 
Furthermore, using (|1U|) . we obtain 

£>/Vr ? = div A fVr ? + (Hf - Vf, Vr ? ) 

h'(re) 

(13) > ^( TO -|Vr € | 2 ) + <ff/-V/,Vr € ). 

Combining (|12p and (|13[) . the result follows. □ 

Let M be a complete manifold with (possibly nonempty) boundary e?M 
and let (p : M — > [0, oo) be a compactly supported nonnegative C 1 function 
such that (p\dM = 0. Let A G C 1 (M) be a non-negative and non-decreasing 
function satisfying A(t) = 0, for t < 0. We define the following real- variable 
functions: 

0£(i?) = <t>£ tip ,\(R) = J M X(R - r^(x))ipd/j,; 

^(R) = ^x(R) = Im X ( R ~ ^))(|Vp + <f(H f - Vf)\d»; 

M R ) = hA R ) = hmB R (() ^ d ^ 

$t(R) = ^(R) = f MnBH ®(N<P + f(H f - V/)|d/x. 
Our first lemma says the following. 
Lemma 2.1. It holds that 

~1IR ( h ( R y m M R )) < HR)- m ^(R), 
for all < R < Ro = mm{Inj" , ro}. 
Proof. We denote by r = r^ and let X = Xg be defined in Sfl (£). Using 



(B) we obtain that 



(14) V f (\(R-r)ipX) = \(R-r)<pV f X + (V(\(R-r)ip),X) 

= \(R-r)ipV f X + \(R-r){V<p,X) 
-\'(R-r)ip(Vr,X). 

Since suppy? is compact and (p\dM = 0, using Item |(A)"] of Proposition 12.11 
and the divergence theorem, we obtain 

(15) f Vf(X(R-r)(pX)dfi = 0. 

JM 
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Thus, by IJT31) and (fT5l) . we obtain 

(16) [ \(R-r)yV f Xdn = [ X'(R- r)tph(r) (Vr.Vr) d/i 

- / X(R-r)h(r)(Vcp,Vr)dn. 

Jm 

Using that: 

(a) the functions A and A' are nonnegative; 

(b) the function h is positive and increasing in (0, r*o); 

(c) \(R - r(x)) = \'(R - r(x)) = in the subset {x G M \ r(x) > R}. 

Since h" = —Kh < in (0, tq) we have that h! is non-increasing in (0,ro). 
By using (a) , (c) and Proposition 12.21 we obtain that 

[ \(R-r)<pV f Xdn>mti(R)<P(R)+ [ X(R - r)<ph(r) (H f -V/,Vr> . 
Jm Jm 

Thus, since \Vr\ < 1, using (USD, (a) and (c) we obtain 

mti(R)(j)^R) < h(R) I X'(R-r)(pdfi 

Jm 

- I \(R-r)h(r)(V(p + (f(H f -Vf),Vr) 
Jm 

This implies that 



D 



> m -[=*w - (g(H) 
= -fc(fi)-™^(ii)^ 

Lemma |2, II is proved. 

Take k E (0, 1) and let J = J( K ,tp,f) > be the constant defined by 

(17) '-(££/„** 

Our next lemma is the following result. 

Lemma 2.2. Fix £ G M satisfying <£>(£) > 1. Assume that < J < sq and 
set a = a(n,(p) G (0, ro) given by /i(a) = J. Assume further that ia < Rq, 
for some £ > 1. Then there exists R G (0, a) such that 

In -, - 

(18) ^(tR)< — t™- 1 ^^). 

hi 
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Proof. By Lemma l2.il 

(19) - ±{h{RY m ^{R)) < h(R)- m ^(R), 

for all < R < R . 

Note that < a < Ro = min{Inj„,, ro}. Given a £ (0, a), integrating the 
both sides of (|19j) on the interval (a, a) we obtain 



(20) h(a)~ m ^(a) < h{a)~ m ^(a) + / /i(r)~ m ^(r)d 



tr. 



Take < e < a and let A : K — > [0, 1] be a nondecreasing C 1 function 
satisfying: 



(21) 



' A(i) = 1, for all t > e; 
X(t) = 0, for all t < 0; 
< X(t) < 1, for all i. 



Consider this function A in the definitions of <fi^ = <f>£,<p,\ and ip^ = ^% )¥ j,a- 
By ([20]) and (HU, we obtain 



(22) <P^(^) = / X(a — r^)(pdfi = / A(cr — r^)(pdfx 

> / A(<T — r^tpd/J, = / <^<i/x 



m0c(a — e 



Since < X(t) < 1, for all i, and A(i* - r$pc)) = in {x e M | r € (x) > #}, 
we have that 4>^(cr) < 4>(-(cr) and ip^(cr) < ^(c). Thus, by ([20]) and ([22]) . we 
obtain the following. 



(23) h{a)~ m ^{a - e) < h{a)~ m '^(a) + / / 1 (r)- m ^(r)dr 

Since the inequality ([23|) does not depend on A we can take e — > 0. Thus we 
obtain 

(24) sup (h(a)~ m 4>^a)) < h(a)- m '^(q) + / /i(r)- m ^(r)dT 

cre(0,a) JO 

Now suppose that Lemma 12.21 is false. Then it holds that 

for all R G (0, a). Multiplying the both sides of this inequality by h(R)~ m , 
integrating on (0, a) and using the change of variable a = tR we obtain 

(25) J h(R)~ m ^R)dR < ^t- m J (h(j))- m ^(a)da. 
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Given < a < ta < Rq, using that h" = —fCh < we have that h is concave 
and increasing on (0, a). Thus we obtain the following. 



(26) 



If a G (0,a) then h^a) > £ _1 /i(o-), for all t > 1; 

If a € (a, ta) then < ^ < 1 and f = ^a, 
which implies that /i(f ) > T-h{ct). 



Using ([26]) we obtain 



ta 



(h(-))~ m ^{a)d(7 < t m / /i(CT)- m ^(a)da 
o * ' jo 



+ 



h{a) 
ta 

. ,1 — m 



-m rta 



a~ m ^{a)da. 



Since ^(cr) < J* M c,cc?/u and J* Q a cr m da < a m _ 1 , we obtain 

pta pa 

(27) / (h(-))~ m ^(a)da < t m / /i(a)- m ^(a)dcr 

Jo t Jo 

h(a)- m 



+ t m a- 

m - 1 JA , 

It follows from (|25p and (|27p the following inequality. 

1 



ipdfi. 



- J" h(R)- m MR)dR < h ( a 

kJo 



, cpd^+- h(a)- m (j),(a)da 
m - 1. .I M a J 



(28) 



< 



h(a) 



m 



— <pd[i+ sup (h(a)- m fa(<r)) 

■'■ -'^ cre(0,a) 



Ai 



Using (|MD and (J2SD we obtain 

sup (/i(a)- m ^(a)) < -(h(a)- m ^(a)) + 



h(a) 



K o-e(o,o) 



hence we obtain 



m—1 



ifd/jL 



M 



+ sup (/^r m <^)) , 

trg(0,a) 



2 2 h(a)~ m I" 

(29) ( 1) sup (/ i ( CJ )- m ^((T))<-(/ 1 (a)- m ^(a))+^^— / pd/x. 

K ae(0,a) K to — 1 J M 



We recall that h(0) = 0, /i'(0) = 1 and /i(q) = J = (^f^ J M <pe~fdM 
Thus we obtain 

/i(a)- m ^(a) < h(a)- m f M cpd^ = J~ m (l - K)u m J m e-^ = (1 - n)uj m e~ f * ; 
sup (/t(a)- m ^(a)) > limsup (W m ^(*)) = u; m (pCtfe-'^ > w m e-'* 



crG(0,a) 



cr^O 
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Thus, using (l29j) we obtain 

2 \ 2(1 -k) 1-k 

K J k m — 1 

that is, 1 < -^ri < 1> which is a contradiction. Lemma 12.21 is proved. □ 



3. Proof of Theorem 11.11 

Consider the set A = {£ G M | p(f) > 1} . Take i > 2 so that ta < R = 
min{Inj„,,ro} and set j3 G [f > !)• Consider the sequence i?j = /3 J a, with 
j = 0, 1, . . ., and define the collection of subsets 

Aj = h G A | € (fcR) < — t m - l ^{R), for some fl G [/3« i , J R J )| . 

By Lemma [2 .2\ A = \J^_ Q Aj. Consider the sequence of subsets F k C A, with 
k = 0, 1, . . ., defined inductively as follows: (I): Fq = 0; (II): Assume that 
F , . . . , F fc _i is defined, with k > 1. For each £ > 0, let S e (Q = M D ^(£). 
Consider 

D fc = A fc - Uj-J U €eFj %r,.(0- 
Claim 3.1. There exists a finite subset F k C D k satisfying: 

(i) F k cD k cu^ Fk St PRk (0; 

(it) B Rk (0 n B Rk {i') = 0, for all £ / £' G F fc . 

Proof. Note that -D/% is compact, since A is compact and -D& is closed. Thus, 
there exists a finite subset C C D k satisfying D k C \J^ & cStj3R k {C)- Take 
£i G C. If D k C StpR k (£i), we define F^ = {£i}. Otherwise, take £2 G 
D k ~ S t 0R k (Zi). Note that B Rk (^) D 5^(6) = 0, since t£R fc > 2i? fc . If 
£>£,• C StpR k (€i) U S t pR k (&) then we define F fc = {Cl,6}- Using that C is a 



finite set, following this steps we will obtain a finite subset F k satisfying (i) 



and (ii) Claim [37T1 is proved and the collection F k , with k > 0, is defined. □ 



Claim 3.2. The collection of subsets F k C A, with k = 0, 1, . . ., satisfies: 
(i) F k is finite and F k C D k ; 

(ii) icu^u^VJO; 

(Hi) the colection B Rk (^), with £ G F k and k > 1, are pairwise disjoint. 



Proof. Item (i) it follows trivially from Claim [3TT1 Item (ii) follows from the 



following facts: D k = A k - VJ k -{ U^ eF , St/3 Rj ((,), D k C U^ eFk S t /3 Rk (0 and 



A C U^i ^fc- To prove Item (iii) take £ G F,- and £' G F fc with j < A;. If 



j = fc then S/j, (£) n B Rk (£') = 0, by Item (ii) of Claim EU If j < k - 1 then 



since F k C A k - \J^z\ 1%^. S t f3 Rj (0, we obtain that £' g" S^tfiRj). This 
implies that £ Rj (£) n B flfe (£') = 0, since t/3 > 2 and < R k < Rj. Claim 
13.21 is proved. □ 
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For each f G F k , it holds that fc(tR) < ^ft m - 1 ^{R), for some R G 
(f3Rk,Rk}- This implies that 

H^Rk) < MtR) < —t m - l ^{R) < —t m - l ^{R k ). 

Thus, since <p(£) > 1, for all £ G A, it follows by Claim ET21 the following. 

/OO CO „ 

1 k=i£eF h fc=i?eF fe 

= — t" 1 - 1 / |V^ + ^(fl>-V/)|dM 

(30) < — t" 1 - 1 f \V<p + (p(H f -Vf)\dn. 

Now, for each s > 0, we define the set A s = {( S M j <p(£) > s}, and let 
J = J(k, (^) be given by 



j= (t^ vo1 /( su pp^))J 



Assume that < J < so, for some n G (0, 1) and let a G (0, ro) be given by 
/j(a) = J. Assume further that ta < Rq, for some t > 2. 

Fix e > and let <5 = <5(- , e) : R — )• [0, 1] be a non-decreasing C 1 function 
satisfying: 

( 0<S(t) < 1, for all t G (-e,0); 
(31) < S(t) = 0, for all t G (-co, -e]; 

( <J(t) = 1, for all t G [0,oo). 

For all s > e we consider the function rj = r/(- , e, s) : M — >• R given by 

It is easy to see that 

Claim 3.3. The following statements hold: 
(i) V eC l (M); 

(ii) < T)(£) < I, for all £ G M; 
(Hi) supp 7] C supp tp; 
(iv) 77(C) = 1 if, and only if, ip(£) > s. 

In particular, if suppT? ^ then < J(k,tj) < J(n,(p) < tq, hence 
Lemmas 12.11 and 12.21 applies (with J = J(k, 77) and a = o(k, 77)). Thus, by 
(|30p and Claim 13.31 , we obtain the following. 



(32) vol(A s ) = vol ({£ I r)(0 = 1}) < — r- 1 / | Vp + ¥>(#/ - V/)|dM- 

We recall that the function h satisfies h(0) = 0, h'(0) = 1 and h : [0, r ) - 
[0, sq) is increasing and concave. Thus the inverse function h~ l : [0, sq) - 
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[0, ro) is increasing, convex and satisfies /i _1 (0) = and {h~ l ) (0) = 1 hence, 
h~ l {r) < sot, for all r G (0, so), which implies 

(33) a = hr l (J) <—J = C 1 ([ 7]dfi) m , 

so \Jm ) 



-i\s /* 



where d = ^{^) m e~. 

m m 

Note that s m ~ 1 S(ip — s) < (ip + e)™- 1 , for all s > e. Thus, by (|32|) and 



331). we obtain 



s^vol(A s ) < ^t™- 1 ( s^i / rjdfi) [ \Vri + rj(H f -Vf)\dn 
K \ Jm J Jm 

= C 2 ( f s^5(^- S )dfi) m f \Vri + V (H f -Vf)\dti 
\Jm J Jm 

(34) < C 2 ( f (<p + e)^d»Y [ \Vr, + r,(H f -Vf)\dfi, 

\Jm J JM 

for all s > e, where Ci = — L £ m_1 . Furthermore, 

r°° i r°° r _j_ 

(35) / s™- 1 vol f(A s )ds = / / s m - 1 d/j,ds 
Jo ' Vo '/{€6-M'|v(0>*} 

i 
s m - l d^,ds 

{(£,s)6Mxr|o<s<^(5)} 

/ s m ~ 1 dsdn 

M Jo 
771—1 /" g 

= / (f m - 1 dfi. 

™ Jm 

Using (fM|) and ([35]) . we obtain that 



/ tpm-idu < lim f ( / (ip + e) m 1 dfi) m x 

Jm m-le^o \\Jm V / / 

(36) X f°° f \X7ri + n(H f - Vf)\dfids) . 

Je Jm J 

Since < S(t) < 1, for all t, and 6(t — s) = 0, for all s > t + e, we obta 

/"OO /* /» /'OO 

/ / T]\H f -Vf\d^ds = 5(<p-s)\H f -Vf\dsdn 

Je Jm Jm Je 

= / / 6((f-s)\H f -Vf\dsdn 
Jm Je 



(37) < / <p\H f -Vf\dn. 

Jm 
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Furthermore, since |Vr/| = 5' (ip — s) \V<p\ = — ^^(^ — s )|Vy|, we obtain 
from the fundamental theorem of calculus the following. 

coo /• r ry{i)+£ 



/ / \Vrj\dfids = \Vr]\dsdn 

J 6 JM JM J 6 



< / / 5'(ip(C)-s)\Vip\dsdn 

JM Je 



%(e)-£)ivvid/x 

M 



(38) < / \Vf\dfi. 

JM 

Therefore, we obtain 



(39) (J M ^ d ^) m <^^(|V^+^|H/-V/|))d M . 

To finish the proof of Theorem 11.11 we apply (|39p to the function ip 1 , 
where 7 > 1 is a constant to be defined. By Holder inequality, we obtain 

m— 1 

/ <p&dii) " < C 3 / y^" 1 (|Vp| + <p(\H f - V/D) dM 

JM J JM 

(40) < c 3 n^-^y n(\v<p\+ip(\H f -vf\)yd^\ p 



where C% = ^L_a and a = -2-?. Take 1 < p < m and let 7 = *-i -. We 

in— 1 ^ p— 1 ^ ' m—p 

JUL = g( 7 - 1) = JH3L and 2=1 _ I = EL* 

?n—l *\' / m— 1 m q mp 



have that -^ = qh - 1) = -^ and ^ - ± = ^z£. Thus, by gQJ, we 



obtain 



(41) / ip—vd^i) <C 3 (\Vip\ + ip(\H f -Vf\)) p d». 

\JM J JM 

We obtain the constant S as in Q by taking t — > 2 in 

hm C 3 = , ^..r- 1 f ^ " e^ = Se 11 



*-> 2 " fcso( m — l) \1 — « 



f>2 



Theorem II .11 is proved. 

4. Proof of Theorem 11.21 

Proof. Consider the neighborhood V = {x | djvf(x, dM) < e}. Take yl > 1 
and let ip = tp(- , e) : M — > R be a nonnegative C 1 function satisfying: 

(i) y>(x) = 1, if d M (x,dM) > e; 

(ii) < y>(x) < 1 and \Vip\ < Ae' 1 , if < d M {x,dM) < e; 
(iii) yj|aM = 0. 
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By Theorem II. II we obtain 




{«|p(5)>^} 



dA < I \V<p\dn + / \H f -Vf\dpL, 

J JM JM 



provided that condition (|7|) holds. Using that |Vp| = 1, everywhere in V, it 
follows from the coarea formula that 



/ |Vy>|d/i = f \Vip\e- f dM <-[ [ e' f d}V 

JM JM e J Jse\p(f) =T \ 



im—1 
e - aii 

Since dM = {£ \ dM(€, dM) = 0}, by taking e — > 0, we obtain that 
I \Vp\dfi<A [ e-Uu m - x = volf(dM). 

JM JdM 

Therefore, it holds 

^vol/CM) 22 ^ 1 < vol/(0M) + / \H f -Vf\dfi 

& JM 

Theorem 11.21 is proved. D 

5. Proof of Theorem 11.31 

Let K, £ C (R) be a nonnegative even function such that the radial curva- 
tures of M satisfy {K r&A )(. < 1C(r{), for all £ e M. Let h : (0, r ) -)■ (0, s ) be 
an increasing solution of (P) with (0, so) = h(0, tq). Assume by contradiction 
that an end E of M has finite /-volume. Let B = B\ (£) be a geodesic ball 
of M of radius Ao and center £. Take Ao sufficiently large so that 3i? C B 
and vol f(E — B) < A, where < A < 1 is a small constant satisfying 



w™e 



W* 



(42 ) J ^ = {T^r A ) ^ s °; 

h-\J A ) < 2Inj M , 
for some k E (0, 1). Moreover, we take Ao sufficiently large satisfying further 
, , \\H f -Vf\\ L P i{E ^ B) <C, if m<p< oo; 

1 " ' \\H f " Vf\\ L o°(E)yolf(E - B)h < C, if p = oo, 

where 2C = (iSe**) . 

Now take Ai > Ao sufficiently large so that dM(dE,x) > 2Ao, for all 

x £ E- B Xl ■ For all q £ E - B 2 \ 1 we obtain that the ball B Xl (q) C E-B. 

In particular, by (|42p . Theorem 1 1 . 2 1 applies for B r (q), for all < r < Ai. By 

Holder inequality, we obtain that 

(44) 

p-i 

Js r ( g ) I 17 / ~ V /l^ ^ 11-^/ ~ V /llL? t (E-B) vol /( 5 r(g)) p , if m < p < oo; 
/ Br ( 9 ) l#/ " V/|dA* < ll#/ " V/|U« (B) vol/(S - B^vol/^))^. 



-vo\ f (B r (q))™ = m-\o\ f (B r {q)) 1 ~^-vo\ f {dB r {q)) > C, 
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Furthermore, if m < p < oo then, since vol t(B r (q)) < vol f(E — B) < 1 

and ^- > ^ii, it holds that vol / (S r (g)) E ^ i > vol f {B r {q)) n ^r . Thus, 

by Theorem 11.21 and using ([15]) and ((Ml), we obtain C volj(-B r (g)) - ^ - < 
vol f(dB r (q)). Thus, by using the coarea formula, 

for all < r < Ai, hence vol/(i?A 1 (9)) > CAi. 

Since Af is complete and E is an unbounded connected component of M 
we can take qk £ E— (B2k\ 1 — -£>(2fc-i)Ai)> for all A; = 1, 2, . . .. Note also that 
B Xi(lk) C E - B 2 \ 1 and B Xl (q k ) n B Xl (qi) = 0, if /c / /. Thus we obtain 
vol/(i?) > S^i vol/(i?Ai(Q , fc)) > X^fc^i^Ai = oo, which is a contradiction. 
Theorem 11.31 is proved. 
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